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INTRODUCTION 


Rings  in  which  the  left  (right)  annihilator  of  any 
subset  is  generated  as  a left  (right)  ideal  by  an  idempo- 
tent  were  first  studied  by  Baer  [13].  He  noted  that  the 
ring  of  all  linear  transformations  on  an  arbitrary  vector 
space  had  this  property.  Such  rings  were  called  Baer  rings 
by  Kaplansky  [3],  wherein  he  remarked  that  the  ring  of  all 
bounded  operators  in  a Hilbert  space  is  Baer.  In  his  notes, 
"Rings  of  Operators"  [3],  Kaplansky  gave  an  example  of  a 
non -semi -simple  Baer  ring:  The  ring  of  all  2x2  triangu- 

lar matrices 

x 0 

y z 

over  a field.  Wolf son  [5],  motivated  by  Kaplansky 's  exam- 
ple, showed  that  this  is  a particular  case  of  a class  of 
Baer  subrings  of  the  ring  of  all  linear  transformations  on 
a vector  space.  In  [5],  he  proved  that  if  V is  a vector 
space  of  arbitrary  dimension  over  a division  ring  and 

0=V  c V,  c . . . c V =Visa  fixed  chain  of  subspaces 
o 1 n 

of  V,  then  the  ring  of  all  linear  transformations  on  V 
leaving  each  in  variant  is  Baer.  The  matrix  represen- 
tation of  such  a ring  (with  respect  to  a basis  adapted  to 
the  Vi ) is  a complete,  blocked  triangular,  matrix  ring 
over  a division  ring. 
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Motivated,  in  part,  by  Wolfson's  result,  Johnson 
[2]  introduced  the  notion  of  a distinguished  ring  of 
-Unear  transformations : A ring  of  linear  transformations 

of  a vector  space  V over  a division  ring  which  contains 
every  linear  transformation  on  V which  leaves  invariant 
all  the  elements  of  the  lattice  J of  invariant  subspaces 
of  SI.  Johnson  confined  his  attention  to  distinguished 
rings  for  which  the  lattice  J is  finite  as  well  as  distrib- 
utive. He  established  a rather  complicated,  necessary 
and  sufficient  condition  for  a left  (right)  ideal  of  a 
distinguished  ring  of  linear  transformations  to  be  gener- 
ated by  an  idempotent . He  then  showed  that  this  con- 
dition is  verified  for  all  ideals  which  are  left  (right) 
annihilators  in  the  special  case  where  J is  a chain.  This 
gives  him  Wolfson's  result  as  a corollary.  Johnson  also 
gave  a necessary  condition  (on  the  lattice  J)  for  a dis- 
tinguished ring  to  be  Baer.  Clark's  results  (see  below) 
translated  into  graph  theory  show  that  this  condition  is 
also  sufficient  when  V is  finite -dimens iona 1 . 

Independently,  Clark  [l]  generalized  Wolfson's  re- 
sult for  vector  spaces  of  finite  dimension  taking  another 
approach.  He  noted  that  each  semigroup  S of  matrix  units 
is  uniquely  determined  by  a transitive  directed  graph  G(S) 
and  proved  that  rings  obtained  by  taking  linear  combina- 
tions of  elements  of  S over  a division  ring  are  Baer  if 
and  only  if  (i)  the  graph  G(S)  has  a loop  at  every  non- 
isolated vertex  and  (ii)  G(S)  has  no  section  graph 
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isomorphic  to  the  following  graph: 


In  this  manuscript,  we  merge  the  approaches  taken 
by  Clark  and  Johnson  to  the  problem  of  characterizing  Baer 
rings  of  linear  transformations.  A definition  of  a dis- 
tinguished ring  of  linear  transformations  on  a vector  space 
V over  a division  ring  D (see  Definition  2.1),  distinct 
from  that  of  Johnson,  is  given  such  that  the  lattice  J of 
invariant  subspaces  is  always  finite  and  distributive.  It 
is  shown  that  the  new  definition  is  equivalent  to  that  of 
Johnson  if  the  lattice  J is  finite  and  D has  characteris- 
tic zero,  and  to  that  of  Clark  if  the  dimension  of  V is 
finite.  It  is  also  shown  that  such  rings  are  determined 
by  a decomposition  of  V into  subspaces  together  with  a re- 
flexive, transitive,  directed  graph  on  a vertex  set  with 
cardinality  equal  to  the  number  of  subspaces  in  the  de- 
composition of  V.  A partial  generalization  of  Clark's  re- 
sult is  made.  We  show  that  any  distinguished  ring  aj  (in 
the  sense  of  Definition  2.1)  is  a Rickart  ring  (a  ring  in 
which  the  left  (right)  annihilator  of  a single  element  is 
generated  as  a left  ideal  by  an  idempotent)  if  and  only  if 
the  graph  of  M has  no  subgraph  isomorphic  to  the  displayed 
graph  above . 

In  Chapter  I,  we  prove  some  intuitively  obvious  facts 
concerning  block  multiplication  of  infinite  dimensional  row 
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finite  matrices. 

In  Chapter  II,  we  introduce  the  alternate  definition 
of  distinguished  ring  referred  to  above.  We  show  that  this 
definition  is  equivalent  to  that  of  Johnson  in  case  the 
lattice  J of  invariant  subspaces  is  finite  and  distributive. 
We  associate  a finite,  reflexive,  transitive,  directed 
graph  with  each  distinguished  ring  such  that  J is  finite 
and  distributive  and  show  that  such  a graph  together  with 
a decomposition  of  the  underlying  vector  space  determine 
a distinguished  ring. 

Chapter  III  deals  with  the  triangularization  of  the 
graph  associated  with  a distinguished  ring  31  and  the  cor- 
responding normal  form  this  implies  for  a matrix  represen- 
tation of  31. 

The  main  results  as  described  above  are  contained 
in  Chapter  IV. 


CHAPTER  I 

PRELIMINARY  RESULTS 


In  this  chapter  we  establish  some  elementary  facts 
concerning  the  block  multiplication  of  infinite  dimensional 
row  finite  matrices. 

Let  V be  a vector  space  of  arbitrary  dimension  over 

a division  ring  D,  and  let  V = V-,  © ©...©  V where  V. 

12  n 1 

is  a subspace  of  V having  a basis  y^(i  = 1,  2,  . ..,  n). 

Let  x = Uj=1  Xi*  bY  £(V)  we  will  mean  the  ring  of  all 
linear  transformations  on  V.  Hom^V^,  V ^ ) will,  as  usual, 
denote  the  set  of  all  linear  transformations  from  into 
Vj.  If  S is  a set,  then  #S  will  denote  the  cardinality  of 
S,  and  #S  <co  will  mean  that  S has  finite  cardinality. 

Let  Mp  denote  the  set  of  all  x x X row  finite  matri- 
ces over  D.  For 

(a,  ).  and  ( 8,  ) , in  Mn  define 

Xv  \,vex  Xv  Xjvcx  d 

(a.  ),  „ + (8.  ),  = (a,  + 0.  ).  and 

Xv  X»vex  Xv  X,vex  Xv  Xv  X,vex 


(a,  ),  (8.  ), 

Xv  X»vex  Xv  X»vex 


C T.  aXuC,uv'^ 


d£X 


X >vex 


Under  these  operations  is  a ring  and  is  isomorphic  to 
£(V),  see  [7]. 

Each  (a,  ),  e can  be  written  in  the  form 

Xv  X,vex  D 
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A11 

A12 

* • • Aln 

A21 

A22 

A2n 

A = 

• 

• 

* 

Anl 

An2 

A 

nn 

where  A . . = (a  ) 
13  Xv 

Xex-j^veXj  ^ 

i 3 = 

1 2 

-L  , f . . . 

denote  the  collection  of 

all 

such 

matrices 

= (a.  ).  v 

av  Xex^jveK^ 

^ 5Xv^XeXk, vexi 

C 1 An 

U€Xk 

and  for  A = (A . . ) 

13 

. B = (B..) 

e M 

D 

, where  A 

D 


, B, 
lk  k j 


XeXi , vfiX-; 


X-i  * X-:  row  finite  matrices  over  D,  define  AB  = (a  . )(B.  ) 
x 3 1 3 l j 

M 

= (C.^)  - C where  = £ AiR  Bkj.  C is  in  m"d  , for  C is 

k=l 


obtained  from  (a,  ) , (8,  ),  = ( X;  a.  8 


Xv  X , veX  X v a . * v £ X 


Xp  "uv^ 
usx 


since  C. 


r r 


X , vex 

Defining  addition  in 


■ij  = V L “u,U,  ' 

USX  X"-'i»VG'j 

MD  in  the  obvious  waY;  it  can  be  shown  that  Md  is  a ring 
and  is  isomorphic  to  under  the  correspondence  (a,  ) 


Xv  X,vex 


-»A  - (A.  ) if  and  only  if  (a,  ) 

Xv  XeXi,veXj 

(i»  j ~i » 2,  . . . , n). 

We  need  to  show  that  if  a matrix  in  MD  is  partitioned 
into  k x k blocked  matrices  and  multiplication  is  defined 
in  the  obvious  way,  then  the  new  blocked  multiplication  cor- 
responds to  the  multiplication  in  . To  accomplish  this, 
let  be  partitioned  such  that  each  element  has  the  form 
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A 1 A ' a ' 

11  12  **•  Alk 

A21  A22  * * * A2k 


Akl  Ak2  * * * Akk 


where  A*..  is  a Pj.  x Pj  blocked  matrix  (i,  j=l,  2>  . k) 

P1  + P2  +* * ,+  pk * Let  A'  and  B'  be  two  elements 
of  ^ Partitioned  as  in  (1)  and  define 


whe  re 


A'B'  ■ <1.  3-1.  2, 

t=l 

s s • . .,p.  v i=l ,2 P 

- (*«),,  , 1 Pi 
j 1.2,  . . . , p^  j = 1 . 2 p. 


k) 


yt 

= c y A.  b Y Pi 

\ L is  s 0 

S = 1 


j 1,2,  . . . , P j 


Now  if  (a:.)  and  (Bl.)  (i,  j=l,  2,  k)  are  the  blocked 

forms  of  (A^j)  and  (B.^)  (i,  j=l,  2,  n),  resPective ly , 

then 

k 

^Cij^  _ChjAitBtj3  2 > •••.  k)  is  the  1 

t=l 


blocked  form  of 


n 


^Ci j ^ C L AitBtj3  ^1’  2_1,  2>  » n) > 

t=l 


s ince 


n ~ Pi  + P2  +•••+  p,  and 


aw:: Pi 

t = 1 t=l  S = 1 3 

a.  i = l ,2 , . . . , P. 

AisBsj)i_1  2 
s =1  3 1 > 2 » • • • « P j 


CHAPTER  II 


DISTINGUISHED  RINGS  AND  THEIR 
ASSOCIATED  GRAPHS  AND  LATTICES 

In  this  chapter  we  introduce  the  notion  of  a dis- 
tinguished ring  of  linear  transformations  on  a vector  space 
V.  We  show  that  each  such  ring  il  is  essentially  determined 
by  a finite  directed  graph  which  in  turn  is  determined  by 
the  lattice  of  SI -submodu les  of  V.  In  [2],  Johnson  intro- 
duced a similar  but  different  class  of  rings  which  he  called 
distinguished  (see  definition  below).  We  show  that  Johnson's 
distinguished  rings  coincide  with  ours  when  the  lattice  of 
ai-submodules  of  V is  finite  and  distributive.  In  particular, 
this  is  the  case  when  the  underlying  division  ring  has  char- 
acteristic zero. 

By  a finite  directed  graph  G on  In>  we  simply  mean 
a relation  on  I . The  elements  (i.j)  of  G will  be  called 
edges  and  those  of  1^,  vertices . We  say  that  the  edge  (i, j) 
joins  vertex  i to  vertex  j.  An  edge  (i,i)  is  called  a loop . 

A finite  directed  graph  G on  I is  said  to  be  reflexive  if 
(i,i)  e Si  for  each  i e I , i.e.,  there  is  a loop  at  each 
vertex,  and  transitive  if  (i,j),(j,k)  € Si  implies  (i,k)  e Si. 

Throughout  the  remainder  of  this  paper  V will  denote 
a vector  space  of  arbitrary  dimension  over  a division  ring  D. 
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2.1  Definition . Let  V be  a vector  space.  Let 

V = © ...  be  a direct  decomposition  of  V and 

{J\|i  e In)  be  a family  of  subsets  of  1^.  Then  a ring 
SI  = 2l(V^,J\,n)  of  linear  transformations  on  V is  said  to 
be  a distinguished  ring  (henceforth  a d-ring)  if  and  only 

if  for  each  i e In  there  is  a c 1^  with  i e such  that 

r- 

(i)  V.aC  / ©V.  for  each  g e SI,  for  each 

1 !•'  D 

i e I , and 
n ' 

(ii)  if  g e £(V)  such  that  V.o  c V © V.  for 

1 Lj  j 

jeJi 

each  i e In>  then  a e 21. 

Let  S = { Jj_»  J2  » • • • t Jn]  c(P^In)*  In  order  for 
2l(V^,S,J^)  to  be  a d-ring,  it  is  necessary  and  sufficient 
that  j e L if  and  only  if  c J.,  i.e.,  if  and  only  if 
the  relation  ~ on  I defined  by  i~j  if  and  only  if  j e J. 
is  reflexive  and  transitive.  These  are  easily  verifiable 
modulo  Lemmas  2.2  and  2.5. 

2.2  Lemma . A decomposition  V = © ...  © of  a 

vector  space  V together  with  a reflexive  and  transitive 

graph  with  vertex  set  I determines  a d-ring. 

Proof.  Let  V = V,  © V-,  © ...  © V be  such  a decom- 
12  n 

position  and  let  G be  a reflexive  and  transitive  graph  on 

I . Define  J\  = (j|(i,j)  e G} . Since  G is  reflexive, 

i e J.  for  each  i e I . Now  let 
l n 

f"* 

21  = {o  e c © Vj  for  each  i e In}. 

je.Ji 

To  show  that  for  g,  t e ii,  V.gr  c © V.  for  i e I , we 

/__j  i n 
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observe  that,  since  G is  transitive,  (i,j)  e g implies 

Jj  C Ji'  Hence  V = I ® vk  <=  T ® \ for  each  j e j. 

ksJj  keJi 

and  it  follows  that  OT  e «.  That  the  other  ring  axioms  are 
satisfied  can  be  easily  verified.  It  is  clear  that  t!  sat- 
isfies Definition  2.1. 


We  now  prove  several  lemmas  which  will  be  useful  in 


the  following  development.  Let  denote  the  projection 
of  V = VL  © V2  © ...  © vn  on  the  i th  summand,  and  let 
21  ~ he  a d-ring  in  the  lemmas  which  follow. 

2.3  Lemma . If  k e J.,  then  for  each  o'  e Honi  (V.  ,V  ) 

A D i ' k 

e HomD(v,Vk)  n 81. 

Proof.  Let  k s J.,  a' e Hom^V^V^  and  0 = Tria  1 . 

Clearly,  0 e HomD(V,Vk),  and  since  V_.0  = 0 for  j^i  and 

Vi°  = Vi0*  c Vk,  o c 81. 

2.4  Lemma_.  If  a c 91  and  there  exists  an  xq  e \r  such 
that  0 xQa  e vk,  then  k e J-. 


-j.es  cnat 


Proof..  Suppose  k $ j . Then  a e impl: 

Vic  c L 9 vj  and  hence  0 xQa  e Vk  o V ® V.  = 0. 

3cJi  3 

2.5  Lemma . J_.  c J\  if  and  only  if  j c j . 

Proof.  Since  j e J.,  J.  c J.  implies  j e J..  To 
prove  the  converse,  let  j e J.  and  k £ J..  Let  \±, 
and  Xk  be  bases  for  V.,  V.  and  Vk , respectively,  and  let 
Xi  U Xj  L xk  be  extended  to  a basis  x for  V.  Let 

xo  € x n V.,  xx  c X n anJ  x2  e x n vk. 

o ' :x  n V±  - X n Vj  by 


De  f ine 
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.0  if  x^x 

I . ° 

lx , if  x=x 

1 I 

0 if  x^x^ 


if  x=x^* 


o 


and  T ' :X  0 V . -»•  X n Vk  by 


By  an  elementary  theorem  of 
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linear  algebra  a'  and  t'  can  be  extended  to  o and  t of 


2.6  Definition.  With  each  d-ring  91  = 9l(Vi,Ji,n)  we  asso- 
ciate a graph  GfJ^n)  = {(k,j)|j  e Jk  for  some  k e In}. 
(G(J^,n)  is  not  uniquely  determined  by  91;  however,  when 
there  is  no  possibility  of  confusion  we  shall  often  abuse 
the  notation  by  writing  G(9l)  = GCr.n)  and  calling  this  the 
graph  of  91 ) . 

2.7  Lemma . G(9|)  is  a reflexive  and  transitive  directed 

graph . 

Proof . Since  i e CT  for  each  i e In,  (i,i)  e G(9l) 
for  each  i e I . If  C i , j ) , (j,k)  e G(9l),  then  j e J±  and 
k s J..  From  Lemma  2.6,  it  follows  that  J..  c J.^,  hence 
k c Therefore,  (i,k)  e G(9l). 

Examples . 


over  a division  ring  D with  a basis  e^,  e2,  e^,  e^.  Let 
vi  = Dei  (i  = 1,  2,  3,  4)  and  let  J±  = (1},  J2  = {2}» 

J3  = [1,  2,  3],  and  J 4 = {2,  4}.  It  is  clear  that 

91  = 9l(V^,  J\,  4)  is  isomorphic  to  the  ring  of  all  4x4 

matrices  whose  elements  have  the  form 


(1)  Let  V be  a 4-dimensional  vector  space 


12 


X11 

0 

0 

0 

0 

X22 

0 

0 

X31 

X32 

X33 

0 

0 

X42 

0 

X. 

44 

one  easily 

sees 

that 

1,1), 

(2,2), 

(3,3) 

,(4, 

whe: 


(2)  One  easily  shows  that  any  d-ring  of  linear 
transformations  on  a 2 -dimensional  vector  space  V over  a 
division  ring  D (where  V is  decomposed  into  the  direct  sum 
of  two  1-dimensional  subspaces)  is  isomorphic  to  a ring  of 
2x2  matrices  over  D whose  elements  have  one  of  the  forms 

(i) 


x 0 

(ii) 

x 0 

(iii) 

x z 

(iv) 

x z 

0 y 

z y 

0 y 

w y 

(3)  Let  V be  an  n-dimensional  vector  space 

with  a basis  y = { v]_ , v2  » • • • » vn  } over  a division  ring  D. 

Let  V = ® ^2  ® * * * ® where  = Dv^  (the  subspace  of 

all  scalar  multiples  of  v^) . Finally,  let  denote  the 

complete  ring  of  all  n x n matrices  over  D and  let  MU(n) 

denote  the  collection  of  all  matrix  units  e. . in  M toqether 

13  n ^ 

with  the  zero  matrix.  It  is  well  known  that  £(V)  a;  M and 

n 

it  is  clear  that  £(V)  is  a d-ring  with  J.  = I (i  = 1,  2. 

n) . Moreover,  if  S is  a sub-semigroup  of  MU(n) 
then  the  set  ?j{S,d)  of  all  linear  combinations  over  D of 
elements  of  S is  a d-ring.  In  this  ring  J\  = £ j | e e S}, 
and  G($j(S,D))  = {(i,j)|ei;.  e S). 

(4)  Let  V be  a vector  space  of  any  dimension 

over  a division  ring  D,  and  let  V = V,  © V„  © ...  © V be 

12  n 


13 


any  decomposition  of  V into  subspaces  \T.  Let  G be  a re- 
flexive and  transitive  graph  on  In,  let  J\  - (j|(i,j)  e G}, 

and  let  M.  = > ® V.  (i=l,  2,  n)  where  X = u J,  with 

JeX  3 

Sc  1^.  Then  the  ring  of  all  linear  transformations  leav- 
ing invariant  for  each  i e In  is  a d-ring.  We  will  say 
more  about  this  d-ring  later. 

Before  stating  Johnson's  definition  of  a distin- 
guished ring  [2],  we  recall  some  lattice  theoretic  defi- 
nitions . A finite  sequence  PQ , P^,  . ..,  P^  of  members  of 
a lattice  L is  called  a chain  if  Pi  s Pi  + i (i=0,  1,  2, 

n-1)  and  is  said  to  have  lenqth  n.  A chain  P . P P 

o’  1’  * n 

is  said  to  connect  P and  0 of  L if  P = P and  P = O.  An 
o n 

element  P of  L is  said  to  have  lattice  dimension  n if  the 
longest  chain  connecting  0 and  P has  length  n,  and  if  L 
has  a maximal  element  Q and  Q has  lattice  dimension  n 
(n  finite),  then  L is  said  to  be  finite  dimensiona 1 and  to 
have  dimension  n.  Finally,  if  L is  a finite  dimensional 
modular  lattice,  then  an  element  P in  L is  called  irreduc- 
ible if  P^O  (0  is  the  minimal  element  of  L)  and  P is  not 
the  join  of  lower  dimensional  elements  of  L.  Each  irreduc- 
ible P e L covers  a unique  element  of  L which  will  be  desig- 
nated by  P° . 

Two  lattices  which  will  be  of  interest  are  the  lat- 
tice of  all  subspaces  of  a vector  space  V and,  for  a given 
ring  gj  of  linear  transformations  on  a vector  space  V,  the 
lattice  of  all  gi -submodules  of  V.  The  join  of  two  elements 
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P and  Q in  either  of  the  two  lattices  is  just  their  sum 
P + Q and  will  be  denoted  by  P u Q.  The  meet  is,  of 
course,  the  set  theoretical  intersection. 

In  [2],  Johnson  associates  with  each  sublattice  J 
of  the  lattice  L(dV)  (here  DV  indicates  that  V is  regarded 
as  a left  D-module)  of  all  subspaces  of  V,  a subrinq 
9l(J)  = {o  c L(V)|No  c N for  every  N c J]  of  x(v)  . It  is 
clear  that  J is  contained  in  the  lattice  L(V^)  (here 
V = is  regarded  as  a right  91-module)  of  all  9t -submodules 
of  V.  He  calls  a sublattice  J of  L(^V)  a distinguished 
lattice  (d-lattice)  if  and  only  if  J = L(V  ) for  some  sub- 

J 91 

ring  2J  of  £(V)  , and  a subring  91  of  £(V)  a distinguished 
ring  (d-ring)  if  and  only  if  gj  = 9l(J)  where  J = 3L. ( ) . For 
convenience  we  call  such  a ring  a d'-ring. 

A d'-ring  is  not  necessarily  a d-ring.  For  example, 
let  D be  the  field  of  integers  mod  (3)  and  let  V = D3.  Let 
e^,  e2,  e^  be  the  canonical  basis  and  let  J be  the  lattice 
consisting  of  the  subspaces  0,  De^,  De^,  D(e^  + e^) 

De^  + De^  and  V.  J is  not  distributive,  since 
De L n(De3  U D(e  ^ + e3))  = De  ^ , but  De  ^ f|  De  3 = 0 = 

De^  HD(e^  + e^)  . The  associated  d'-ring  91(J)  is  easily 
seen  to  be  isomorphic  to  the  ring  of  all  3x3  matrices  of 
the  form 


X 

0 

0 

y 

z 

w 

0 

0 

X 

where  x,  y,  z,  w e D. 
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It  is  also  true  that  a d-lattice  is  not  necessarily 
distributive,  even  if  it  is  finite.  For  example,  let  D be 
the  field  of  integers  modulo  2,  let  V = D , and  let 
SI  = {al|aeD}  where 


I = 


1 0 

0 1 . 


Then  every  subspace  of  V is  invariant  under  21,  and  since  V 
is  finite,  L(^V)  = L(V^) . But  L(pV)  is  not  distributive. 

To  see  this,  let  ex  = (1,0),  e2  = (0,1),  = De^  V2  - De2 

and  V3  = D(ex  + e2).  Now  V3  n (V2  U = V,  but 

(V3  fl  V ^ ) u (V3  n V^)  = 0.  Similar  examples  can  be  con- 
structed letting  D be  the  integers  modulo  p (p  a prime 
number),  V = Dn  where  n s 2 and  y = {al|aeD}  where  I is 
the  identity  n x n matrix  over  D. 

However,  we  can  show  that  if  the  lattice  J is  finite 
and  distributive,  then  the  d ' -ring  is  also  a d-ring. 

In  the  proof  of  the  lemma  which  follows  we  need  the 
definition  of  a simple  idempotent.  After  Johnson,  an  idem- 
potent  efO  of  ai( J)  is  called  s imp le  if  and  only  if  there 
exists  an  irreducible  element  P of  J such  that  Ve  c P and 
Ve  n P°  = 0. 

2.8  Theorem . If  21  = 2l(J)  is  a d 1 -ring  and  J is  finite 
and  distributive,  then  21  is  a d-ring. 

For  use  in  the  proof  of  2.8,  we  state  without  proof 
Theorem  1.1  of  [2], 
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Theorem . (Johnson)  Let  L be  a complete,  comple- 
mented, modular  lattice  with  identities  0 and  I and 
J be  a finite -dimensional  sublattice  of  L containing 
0 and  I.  For  each  irreducible  P e J,  let  us  select 

P e L so  that  P = P © P°.  Then  each  non-zero  K e J 

m 

may  be  represented  in  the  form  K = ^ © P^  for  some 

i = l 

subset  {P^,P2 , . . . ,P  ] of  I(K)  (l(K)  is  the  set  of 

irreducible  elements  of  J which  are  contained  in  K) . 

n 

If  J is  distributive,  then  K = ^ © P^  where  I(K)  = 

i=l 

{pi»p2  * • • * >pnl • 

Proof  of  2.8.  Now  to  apply  this  to  the  proof  of  the 
above  theorem  we  let  L be  the  lattice  L(^V)  of  all  sub- 
spaces of  the  underlying  vector  space  V and  let  J be  the 
finite,  distributive  lattice  in  the  statement  of  the  theo- 
rem. Let  fP,  , ....  P 1 be  the  set  of  all  irreducible  ele- 

1 nJ  


ments  of  J.  Choose  P.  in  L so  that  P. 

l l 


P?  = P . 
x x 


Now 


since  J is  distributive  and  V e J,  we  have  V = P. 


© P . Let  e.  be  the  projection  d f V onto  P.,  i e I . Then 
n l c J i n 

1 = e,  + e~  + . . . + e and  e .e . = 6 . .e . . By  the  definition 
12  n l j lj  j J 

of  e^,  Ve^  = P^  c P^  and  Ve^  fl  P°  = 0 . Therefore,  each  e^ 
is  simple.  Let  G be  the  graph  on  1^  defined  by 

G = C ( i » j) I ei^e • 

Since  e.JJe.-fcO,  for  each  i e I , G is  reflexive.  By 
[2,  6.4],  e^JIe^O  if  and  only  if  P^  c P^.  Hence,  if 
e^9Je_.  and  e_.?le^.  are  both  non-zero,  so  is  e^SJe^.  There- 
fore, G is  transitive. 

By  Lemma  2.2,  G together  with  the  decomposition 

V = Ve.  © ...  © Ve  determines  a d-ring  Si'  = 9l(Ve.,  J.,  n) 
i n j.  x 

where  = { j | e^9je  . ^O}  . We  need  to  show  that  91 ' = 


91. 
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Let  a e Si'.  To  show  that  o e 81,  we  first  prove  that 


P 


i 


above , 


Again,  by  the  theorem  of  Johnson  stated 


P.  = Y © Ve  = ^ ©P.  where  I(P.)  = {P.ljeS}. 
1 J L-i  D 1 J 

jeS  jes 

By  [2,  6.4],  Pj  c Pi  if  and  only  if  e^Sle^O.  Therefore, 

S = Jj_.  Now,  since  ( J © Ve_.)0  c ^ © Ve..,  by  Lemma  2.5, 

je^i  jeJj_ 

c for  each  i e I . It  follows  that  o 2 51.  To  ob- 
tain the  opposite  inclusion,  let  a e 8J,  then 

n 

° = I sioej- 

it  j 

Note  that  Ve^e^Jie^.  = 0 if  j]=i  or  e^SJe^  = 0,  and 
Ve^e^ae^  c Ve^  for  each  a e 81.  Therefore,  since  e^ae^O 
implies  that  j e , we  have  that 

Ve  ^ o c y © Ve  . 
jeJi 

for  each  i e In,  i.e.,  a e 81'.  Therefore,  81  = 8] ' and  the 
theorem  is  proved . 

2.9  Corollary.  Let  81  = 51  (J)  be  a d ' -ring  and  let  J be 
finite.  If  the  underlying  division  ring  D has  character- 
istic zero,  then  81  is  a d-ring. 

Proof . In  [2,  2.6],  Johnson  proved  that  if  D has 


characteristic  zero,  then  every  finite  d-lattice  is  dis- 
tributive . 
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With  each  d-ring  we  now  associate  a lattice  and  show 

that  each  d-ring  is  a d'-ring.  To  accomplish  this  we  first 

consider  an  arbitrary,  reflexive,  transitive  graph  on  I . 

n 

Let  [i]  = {j|(i,j)eG}  for  each  i e I . Let  L(G)  be  the 
set  of  all  finite  sums  [ i x ] u [ i2 ] u ...  u [ ik  ] together 
with  the  empty  set  |) . 

2.10  Lemma . L (G)  is  a sublattice  of  Ir  ) (the  lattice 
of  all  subsets  of  In)  and  [i],  i € 1^,  are  the  irreducible 
elements  of  L(G)  . 

Proof..  If  h s [i]  0 [j]  and  (h,t)  e G,  then  (i,t), 

(j,t)  e G,  by  transitivity,  which  by  definition  implies 

t e [i]  n [j].  Therefore  [h]  c [i]  f|  [j].  Since 

#([i]  PI  [j])  is  finite,  [i]  n ['j  ] = [i-J  U [ i2  ] U ...  U [i^]. 

If  [i]  were  irreducible,  then  [i]  = [ h^ ] u [h2] 

U ...  U [h^]  where  [h^]  is  of  lower  dimension  than  [i]  for 

(j  =1,  2,  ...,  k) . Now  i e [hfc]  implies  (ht,i)  e G and 

applying  transitivity,  we  obtain  [i]  c [h  ].  Hence  [i]  = 

[ h t ] , a contradiction.  Therefore,  [i]  is  irreducible. 

We  associate  with  each  d-ring  21  = Stl(Vi,Ji,n)  the 

lattice  L(8J)  = L(Jl(Vi , J± , n)  ) = L(G(2l))  (see  2.6).  Note 

that  [i]  = JL  for  each  i e I . L(gj)  is  distributive  since 

it  is  a sublattice  of  the  lattice  of  all  subsets  of  I . Let 

n 

p(sj)  = {M|M  = ^ ® Vj  for  some  X e L(W)]  u £ ° } - One  easily 
jex 

verifies  that  p(S ll)  is  a lattice  under  intersection  and  sum 

and  that  X -*  0 is  a lattice  isomorphism  from  L($j) 

jeX 

onto  pUl)  . 
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2.11  Theorem.  Let  31  = atV^J^n)  be  a d-ring,  then 

21  ( 9 (SI ) ) =31  and  ${%)  = L(Vy)  where  3l(p(si))  and  LtV^)  are 
as  defined  on  p.  14,  i.e.,  every  d-ring  is  a d'-ring. 

Proof . The  proof  will  be  divided  into  the  three 
lemmas  which  follow. 

2.12  Lemma . Let  M e p(?l).  Then  M is  an  SJ-submodule  of  V. 

Proof..  Let  M e £(3l),  then  M = ^ ® v_.  . Hence, 

jeX 

Mo  c ^ where  K = |J  J . . Since  [i]  = p.  for  each 

keK  3eX  ^ 1 

i e ln  and  X = [ij  u [ i2  ] U ...  U [ ifc  ] , 

K = U J,  = U [j]  = X. 
j eX  J j eX 

Therefore,  M is  an  8/ -submodule  of  V. 

2.13  Lemma . If  a c £,(V)  such  that  Mo  c M for  each 
M e p(si) , then  a e ji . 

Proof . Let  a £ £(V)  such  that  Ma  c M for  each 

M e p(«).  Then  V±  a c V © v.  since  Mcr  c M for 

je[i] 

M “ / ® V. . Therefore,  V . a c ) © V.,for  each  i £ I , 

. r . i J 1 Z->  3 n’ 

leUJ  jej. 

i.e  . , a e 31. 

2.14  Lemma . If  M is  an  31  -submodule  of  V,  then  M e ^(?i)  . 
Proof..  We  first  show  that  if  M n V_.fO  for  some 

3 e In » then  c M.  Suppose  not.  Then  there  is  an 
x0f°  in  Vj\M*  Since  M D V^fO,  there  is  an  element 
in  the  intersection.  Let  (x^}  be  extended  to  a basis  for 
V and  define  a function  o'  on  the  basis  by 
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» 


xo'  = 


0 if  xfx^ 

x if  x=x, 
o 1 


Now  o'  can  be  extended  to  a linear  transformation  o on  V 

such  that  Vio  = 0 if  if  j and  c V ^ . But  x^  = xq  f M 

which  contradicts  the  fact  that  M is  an  Jl -submodule  of  V. 

Therefore,  v.  c M. 

3 


Now  suppose  M H = 0 for  all  i e In  but  MfO. 

Since  the  projection  tt^  is  in  2J  for  each  i e In>  Mn_.=0  for 

some  j e In-  By  the  argument  in  the  paragraph  above, 

Mtt  . = V..  Let  K = fi|MTT.=0j.  Now  it  is  clear  that 
3 3 1 i J 

Me  ^ MTTi  = ^ Vi  C M. 

ieK  ieK 

It  suffices  to  show  that  K = U [j].  This  follows  if  we 

jeK 

show  that  ieK  implies  that  [i]  cz  K . But  this  is  clear 
since  [i]  = and  jj  contains  all  o £ £(V)  such  that 

V.O  c V © V . . 

i L 3 

jeJi 

This  completes  the  proof  of  Theorem  2.10. 

The  reader  who  is  unfamiliar  with  concepts  of  this 
chapter  will  find  a more  than  adequate  background  in  [9], 


[10]  and  [12]. 


CHAPTER  III 


A NORMAL  FORM  FOR  DISTINGUISHED  RINGS 

Let  21  = 2l(V^,J^,n)  be  a d-ring  of  linear  trans- 
formations on  V.  If  a basis  \ for  V is  taken  such  that 
n 

X = U X-  where  is  a basis  for  V.,  then  the  matrix  of 
i=l  1 1 1 

an  element  of  21  with  respect  to  this  basis  will  be  of  the 
form 

X11  * * * Xln 
• • 

• • 

X , ...  X 

nl  nn 

where  X^  = 0 if  j $ (equivalently  X^  = 0 if  (i,j) 

(i,j)  ^ G(2l)  = G(J^,n)).  Moreover,  any  block  matrix 
Y = (Y^j)  for  which  Y^  ^ = 0 if  j ^ (or  (k , j ) ( G(?l))  is 
the  matrix  of  some  element  of  21  with  respect  to  the  basis 
The  purpose  of  this  chapter  is  to  show  that  for  a given 
d-ring  2l(V^,J^,n)  we  may  choose  a new  triple  (V|,J^,n') 
such  that  2l(V^,J^,n)  = 2l(V^,J^,n')  and  such  that  the  graph 
G'  of  21  with  respect  to  the  new  "coordinate  system" 
(VjfJ^,n')  is  in  triangular  form,  i.e.,  (i,j)  e G implies 
j s i.  This  implies  that  if  we  adapt  a basis  y 1 of  V to 


21 


22 


n 


the  decomposition  V = ^ © V^,  then  the  matrix  of  ea 

i=l 


ch 


element  of  21  with  respect  to  the  new  basis  x'  has  the  form 
X11 

X2 1 X22 


X (1  X 10 
n 1 1 n *2 


X 


n n 


where  X^  = 0 if  (i,j)  ^ G. 

The  following  example  maybe  helpful. 

Example . Let  V be  any  vector  space  of  dim;»3  and  let 
V = Vx  © V2  © V3  where  V^O.  Let  J1  = {1,3},  J2  = {2,2}, 
J3  = {1,3}.  Then  2l(V^,J\,3)  is  isomorphic  to  the  ring  of 
all  block  matrices  of  the  form 


ij 


"takes"  the  form: 


A11 

0 

A13 

0 

A22 

0 

A31 

0 

A33 

X 

•H 

> 

(dim 

V 

row  finite 

matrix . 

Now 

V3 

= V2 

and  let  = {1, 

2},  ^ = 

{1,2}, 

easily  verifies 

that  2J(Vi, 

Ji,3)  = 

if  we 

adapt  a basis  to  the 

V^,  then 

21 

A11 

A12 

0 

A2 1 

A22 

0 

0 

0 

A33 

It  is  now  clear  that  this  may  be  simplified  further 
by  choosing  V"  = V|  © = { 1}  and  = {2}. 
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We  still  have  2l(V^,J^,2)  = 3i(V^,J\,3)  and,  moreover,  in  a 
basis  adapted  to  this  new  decomposition  31  "takes"  the  form 

'll  0 
0 A22 

where  is  a (dim  VV)  x (dim  V'p  row  finite  matrix. 

bet  31  = 3J(V^, J^,n)  be  a d-ring,  let  tt  be  a permu- 


tation on  I and  let  k.  = irr 
n l 


-1 


For  each  i e I , define 
n 


(J\,tt)  - (kn)keJ^  }.  Then  V may  be  expressed  as 

l 

V = (V^,tt)  © (^2,TT)  © •••  © where  (V^,tt)  = . 

3.1  Lemma.  sHV^J^n)  = 81 ( (V± ,n)  , ( j tt)  , n)  . 

Proof.  For  each  i s I , k.TT  = i and  since  k . e J,  , 

n l * l k . 

i 

Now  k . e J.  if  and  only  if  j e (J.,tt); 

IK-  1 


i = kiTT  € (Ji,TT) 


hence 


I • 


'k. 


© (y  ,tt) 


for  each  i e I . It 


k .eJ, 

D k. 


J je  ( Ji,Tt) 

follows  that  Vk  a c ^ 0 Vk  . for  each  i e !n  if  and  only 


k .«J. 

J k. 


(Vj,TT)  for  each  i e In-  Therefore, 


if  (Vi,TT)a  c V i 
jc  (JifTT) 

31  ( (V^tt)  , (J1,tt)  ,n)  =31. 

Since,  for  a given  permutation  tt  on  In,  Sl(V^,J\,n) 

= II ( (Vi,TT)  , (j  ,tt)  , n ) , it  is  obvious  that  the  corresponding 
matrix  rings  are  isomorphic.  We  note  that  this  procedure 
essentially  effects  a change  of  basis. 

3.2  Definition.  Let  3!  = SHV^J^n)  be  a d-ring.  The 
associated  graph  G(3l)  = G(J^,n)  is  said  to  be  in  norma  1 
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form  if  and  only  if  there  exists  a set  [P-^,  P2  > •••>  pml  c *n 

m k 

such  that  n = ^ P^,  and  for  = T P^  (k  = 1,  2,  . . . , m) , 

i=l  i=l 

q = 0,  we  have 

(i)  s e Im  U {0}  and  qs_L  < i * qs  implies 
(i  i j)  i G(SI)  for  each  j > qg , and 

(ii)  if  s,t  c Im  U {0},  qs_1  < iQ  i qg  and 
(i  »j  ) € G(<y)  for  some  j such  that  q < j s:  q^ , then 

(i,j)  e G ( 21 ) for  each  i and  each  j such  that  q , < i i.  q , 

*t-i  < qf 

It  follows  that  if  81  = sHV^J^n)  is  a d-ring  and 
G (21 ) is  in  normal  form,  then  (with  respect  to  a basis 
adapted  to  the  V^)  each  element  X of  81  has  the  form 


X11 

X2 1 

• 

X22 

o • 

x i 

ml 

• 

X - . 

m2 

• 

• 

. X 

mm 

where  X^_.  may  be  chosen  arbitrarily  if  (i,j)  e G ( 21 ) and 
Xfj  * 0 if  (i,  j)  t G ( 21 ) . 

The  problem  of  putting  the  graph  of  a d-ring 
81  = SJ(V^,J^,n)  in  normal  form  can  be  solved  using  a graph 
theoretical  argument.  Let  G = G(J\  ,n)  and  let  G = 

G(  ( ,n)  . One  easily  shows  that  Gn  = { ( in , in ) | ( i f j ) e q]  . 

This  reduces  the  problem  to  finding  a permutation  tt  such 
that  Gn  has  normal  form.  In  [l],  Clark  deduces  from  the 
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results  of  Gauntmacher  [ 1 1 ] and  Dulmage  and  Mendelsohn  [8] 
that  this  can  always  be  done  for  any  transitive,  finite 
directed  graph. 

In  [4],  Gluskin  obtains  a normal  form  for  rings  of 
this  general  class  where  D is  a Euclidean  ring.  For  our 
purposes,  however,  the  result  of  Gluskin  as  well  as  that  of 
Dulmage  and  Mendelsohn  is  far  more  than  what  is  needed.  We 
therefore  include  the  following  theorem  and  proof. 

3.3  Theorem.  For  each  d-ring  wfV^J^n)  there  is  a per- 
mutation tt  on  I such  that  G((J.,tt), n)  is  in  norma  1 

n 1 9 7 9 ' 

form . 

Proof . We  proceed  by  induction  on  n . If  n = 1, 

then  21  = £(V)  and  G(2l)  is  clearly  in  normal  form.  Hence 

the  identity  permutation  sufficed.  Suppose  the  theorem 

is  true  for  all  n > p and  consider  21  (V^ , Ji , n=p)  . Order 

{ Ji» J2 » • • • > Jn}  bY  ^ and  only  if  #J^  s #J\  and 

let  J be  a minimal  element.  Let  the  elements  of  J be 
a a 

ordered  according  to  their  numerical  values,  say 

Ja  = £ki »k2 » * * • >knl  where  ki  < ki  + 1 (i=l,2, . . . ,r-l) . Also, 
order  the  elements  of  I \j  according  to  their  numerical 
values  to  obtain  In\ja  = (kr+1 ,kr+2 » • • • >kr+c=n 1 where 
< ki+^  (i=r+l,r+2, . . . , (r+c) -l=n-l) . Define  the  per- 


mutation  tt 

on  I 

n 

by 

in = k^.  Since  a c 

Ja'  a = kb 

for 

some  b such 

that 

1 s 

b s:  r . Accordingly, 

‘"l-V  = 

{ 1 » 2 , . . . , r } 

. We 

now 

show  that  = 

(rrl,Ji)  for 

each 

isr.  If  k.  e J , then  J.  c J , by  Lemma  2.5.  Since 

13  K . 3 

1 

a = k,  and  J is  minimal,  J = J,  = J 

>3  3.  3 K • 

D 1 


Therefore 
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( tt i » *^b ) = (ni»Ji)  for  each  i s;  r. 

Now  let  V'  = vr+1  ® Vr+2  a ...  ® vr+c=n.  Then 
2J ' (^r+i » » Jr+i ) ' > c=n-r)  is  a d-ring  with  c < p where 

(^1* Jr+i^ ' = ^nl,Jr+i^  Ir\^ Ir=( 1 » 2 » • • • » r } ) • BY  the  in- 
ductive hypothesis,  there  is  a permutation  tt  ' on 

1C  = {1,2,..., c=m-r } such  that  G(ai')  is  in  normal  form. 
Define  the  permutation  tt2  on  1^  by 


in_  = J 

fi  if 

i i 

r 

j^c=n-r, ' 

2 1 

[r+jn 1 

1 if 

"lV 

Thus 

kin  = \ 

fi  if 

i £ 

r 

1 r+ jrr 1 

1 if 

j^c=n-r . 

We  claim  that  G((J\,n),n)  is  in  normal  form.  From  the 
definition  of  n,  it  follows  that 

(Jr+j»rr)\lr  - (Jr+j,TT‘)  for  aH  j e 1C-  Hence, 
for  i > r,  j > r 

G((Ji,TT),n)  = G(Jr+j,TT')  . (3) 

Since  G(  Jr+..  ,rr  ” ) is  in  normal  form,  there  is  a set 
{p[  , P2  > • • • » P^.  } c In  such  that  c = m-r 

m-1  k 

c = n-r  = ^ pj  and  for  ^ p^  (k=l , 2 , . . . , n-r ) 

i=l  i=l 

(i)  and  (ii)  of  the  definition  of  normal  form  are  satis- 
fied. Let  Pi+1  = Pj  (i=l,2 , . . . ,m-l)  and  let  p^^  = r.  Then 
m k 

n = ^ pi  and  for  qk  = Y p±  (k=l , 2 , . . . ,m)  (i)  of  the 

i=l  i=l 

definition  of  normal  form  is  satisfied,  since  (3)  holds 
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and  n - n on  [k  ,k2,...,k  } implies  (J.  ,rr)  = (j.,tt  ) for 

all  i e Ir . Again,  by  (3)  and  the  fact  that  (J^rr)  = 

^ Ji,TTl)  ^or  e ^r»  we  nee(3  only  prove: 

If  qs-l  < io  * %>  0 = ^ * q1  and 

^o’^o^  € (Ji»n)  »n)  » then  (i,j)  e G((JifTT),n) 

for  each  i and  each  j such  that  q , < i ^ a 

s-1  ’ 

0 = % < j * qr 

Let  the  hypothesis  of  this  statement  be  satisfied  and  let 


0 < j s qx.  Since  jQ  e (JjtTr),  (JQ,j)  e G((J..,n),n)  and 
by  transitivity  (iQ,j)  e G(  ( J±  ,tt)  ,n)  . By  (3),  (i,i  ) e 
G( (Ji ,n) ,n)  for  each  i such  that  q , < i < q . Again, 
by  transitivity,  (i,jQ)  £ G(  ( J\  ,rr)  , n)  . One  more  appli- 
cation of  transitivity  shows  (i,j)  e G((Ji>n),n)  for  each 

1 and  each  j such  that  0 < j s qx  and  qg_1  < i < qs,  and 
the  theorem  is  proved. 

We  will  have  occasion  in  the  next  chapter  to  parti- 


tion further  the  elements  of  a d-ring  gj  = gi(V^,J^,m)  whose 
graph  G(gj)  is  in  normal  form.  The  elements  of  gj  with  re- 
spect to  a basis  adapted  to  the  have  the  form 


X 


11 


0 


X 


21 


X 


22 


0 

0 


Xm-1  1 Xm-1  2 


X 


m-1  m-1 


m 1 


X 


m 2 


X 


m m-1 


0 

0 

0 

X 


m m 


(4) 


We  partition  the  elements  of  gi  along  the  dotted  lines  of  (4). 
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Elements  of  81  may  then  be  expressed  in  the  form 


B11 

0 

B21 

B22 

(5) 


where  is  the  m-1  x m-1  block  matrix  in  the  upper  left- 

hand  corner  of  (4) , and  B2^  and  B22  are  determined  accord- 
ingly. Since  we  have  assumed  that  G(ai)  is  in  normal  form, 

there  is  a set  (p, ,p_ , . . . ,p  ) c I such  that 

•L  ii  n 

» - ! 
i=l 


k 


Let  qk  = ^ Pj_*  Then  V' 

i=l 


® V2  ® ...  ® V together 

^-1 


with  j:  - (i=l,2,  ...,qm_1)  deter- 

mine a d-ring  21 1 (V^, J^,qm_i)  c £(V').  Considering  the 
partitioning  of  elements  of  81  as  in  (4)  and  the  alternative 
representation  in  (5),  it  is  clear  that  each  B^  of  (5)  is 
the  matrix  of  an  element  of  81 ' (Vi  , , qm_1 ) . We  will  write 

®H  f°r  21 ' (V^ , J j , ) and  let  9^2  denote  the  full  ring  of 

blocks  . 02  j_  denote  the  set  of  matrices 


m i’ 


m 


2 ’ 


X 


m m-1 


occurring  in  the  lower  lefthand  corner  of  (4) . 


CHAPTER  IV 


RICKART  AND  BAER  RINGS 

It  is  known  [5]  that  if  V is  a vector  space  and 

0 c c V2  c V3  . . . C = V is  a chain  of  subspaces, 

then  the  ring  of  all  linear  transformations  leaving  each 
element  of  the  chain  invariant  is  Baer,  hence  Rickart  (see 
definitions  below).  In  this  chapter  we  show  that  any  d- 
ring  21  of  linear  transformations  on  V is  a Rickart  ring 

if  and  only  if  the  graph  G (with  respect  to  some  decom- 

position of  V)  of  21  surrounds  no  zero  (defined  below). 

We  also  show,  using  a result  of  Johnson  [2],  that  a d-ring  21 
is  non-Baer  if  the  graph  G of  21  surrounds  a zero. 

Let  21  be  a ring  and  S be  a subset  of  21.  The  right 
(respectively,  left)  annihilator  of  S,  denoted  r^s)  (re- 
spectively, ljj ( S ) ) , is  the  set  of  all  a e 21  such  that 
To  = 0 (respectively  ct  = 0)  for  all  t in  S . After  Kaplan- 
sky  [3],  we  call  a ring  21  Baer  if  the  right  (respectively 
left)  annihilator  of  every  subset  of  21  is  a principal  right 
(respectively  left)  ideal  generated  by  an  idempotent.  As 
in  [6],  21  is  called  a Rickart  ring  if  the  right  (respective- 
ly left)  annihilator  of  any  element  of  21  is  a principal 
right  (respectively  left)  ideal  generated  by  an  idempotent. 
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If  G is  a graph  with  a vertex  set  I , and  if  J c I , 

3 n’  n’ 

then  G‘  = G n (J  x J)  = {(i,j)  e G|(i,j)  e J x J]  is  called 
a subgraph  of  G (with  respect  to  the  vertex  set  J ) . A 
k -section  of  G is  a subgraph  of  G with  a vertex  set  J of 
cardinality  k. 

4.1  Definition . A graph  G is  said  to  surround  a_  zero  if 
and  only  if  G contains  a 4-section 

G*  = { (h,h) , (i, i) , ( j , j) , (k,k) , (i,h) , ( j ,h) , (k,h) , (k,i) , (k, j ) ) . 

Now,  if  G is  the  graph  of  a d-ring  Jl  = 2j(V^,uL,n), 
then  G surrounds  a zero  if  and  only  if  there  is  an  idem- 
potent  e in  51  such  that  each  element  of  the  matrix  repre- 
sentation of  ejje  has  the  form 


X11 

0 

0 

0 

X2 1 

X22 

0 

0 

X31 

0 

X33 

0 

X41 

X42 

X43 

X44 

with  an  appropriate  number  of  zero  block  rows  and  block 

columns  interpolated  (see  Lemma  4.4  and  its  proof). 

One  can  easily  verify  that  a graph  G surrounds  no 

zero  if  and  only  if  it  has  the  following  property: 

If  h,  i,  j,  and  k are  distinct  integers  such 
that  (k , i) , (k, j ) , ( i,h) , ( j ,h)  e G,  then  either 
(i,j)  or  ( j , i)  e G. 

In  graph  theoretical  terminology  this  means  that  G has 
no  subgraph  isomorphic  to  the  following  graph: 
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We  note  that  if  21  = 2l(V^,J^,n)  is  a d-ring  and  n is 
a permutation  on  1^,  then  G(J^,n)  surrounds  a zero  if  and 
only  if  G((Jl,TT),n)  does.  Hence,  the  property  of  surround- 
ing a zero  is  invariant  under  permutations  of  the  coordinate 
system  (\T,J\,n)  of  a d-ring. 

We  now  make  a definition  which  will  be  needed  in  the 
lemmas  which  follow: 

4.2  Definition . A graph  G on  I is  said  to  be  triangular 

if  and  only  if  (i,j)  e G implies  j s i . 

Now,  if  21  = 2J(V^,J^,n)  is  a d-ring  whose  graph  G is 

in  normal  form,  then  a suitable  coordinate  system  (V^,J|,n) 

can  be  chosen  such  that  21  = 2l(V|,J^,n)  and  G'  = G'(J|,n)  is 

triangular.  This  can  be  accomplished  in  the  following  way: 

Recall  from  the  definition  of  normal  form  3.2  that  there 

exists  a set  { p-^  , P2  > • • • » Pn } c I such  that 
m k 

n = l pi  and  for  qR  = ^ pi  (k  = 1,  2,  . . . , m) 

i=l  i=l 

(i)  and  (ii)  are  satisfied.  Let 

qi 

v:  = ^ © V.  (i  = 1,  2,  ...,  m), 

j=qi-l 

and  define  the  graph  G*  on  1^  by  (i,j)  e G'  if  and  only 

if  q.  1 < h <;  q.  and  q . < k £ q.  implies  (h,k)  e G.  It 

ii  i j -l  3 

follows  that  21  = 2l(V|,J|,m),  where  J\  = {j|(i,j)  e G'}, 
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and  that  G'  - G'(j^,m)  is  triangular.  One  easily  verifies 
that  G 1 surrounds  a zero  if  and  only  if  G does. 

Note  that  a reflexive  and  transitive  graph  G is  a 
partial  order  if  G is  triangular. 

Recall  that  in  Chapter  III  we  stated  that  we  would 
have  occasion  to  partition  the  elements  of  a d— ring 
21  = 2l(Vi,Ji,n)  as  in  (5).  In  view  of  the  fact  that  for  any 
d-ring  we  may  choose  a new  coordinate  system  (V^,J^,m)  such 
that  G(J^,m)  is  triangular,  (5)  becomes 


X11 

0 

1 0 
1 

X2  1 

• 

X22 

1 0 

1 

| 

• 

• 

x 

m-1  1 

Xm-1  2 

• • • X , - 

m-1  m-1 

1 

1 

1 0 
I 

x 1 

ml 

1 

1 

1 1 
1 * 

...  X 

m m-1 

1 X 

1 m m 

The  elements  of  21  = 2i(V^,Jj,m)  may  now  be  expressed  in  the 
form 


11 

21  B22  . 


(7) 


where  B-^  is  the  m-1  x m-1  block  matrix  in  the  upper  left 
hand  corner  of  (6)  and  B22  and  B2  ^ are  determined  accord - 
ingly . We  shall  let  denote  the  set  of  all  matrices 


which  appear  as  blocks  in  the  above  matrix  represen- 
tation of  21.  As  previously  pointed  out,  $ is  the  matrix 
representation  of  the  d-ring  obtained  by  restricting  21  to 


V-^  © 


© V' 
m- 


1* 
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We  now  embark  upon  the  proof  of  our  main  result, 
namely,  that  a d-ring  $l(V^,J^,n)  is  Rickart  if  and  only  if 
its  graph  G = G(CL,n)  surrounds  no  zeros.  By  Theorem  3.3 
and  the  above  comments,  we  may  assume  that  G is  triangular 
and  we  do  so  in  the  following  lemmas.  We  shall  further- 
more identify  each  element  of  21  with  its  matrix  (with  re- 
spect to  a basis  adapted  to  the  V^) . 

4.3  Lemma . Let  31  be  a Rickart  ring.  Then 

(i)  91  has  an  identity  element,  and 

(ii)  e9Je  is  Rickart  for  each  idempotent  e in  81 . 

2 

Proof.  (i)  1.. (0)  = 9ie  for  some  e = e e 21  and  r„. (0) 

21  21 

2 

= fji  for  some  f = f e 21-  Now  ae  = a for  each  a e 21  and 

fa  - o for  each  a e 21  • Therefore,  e = fe  = f. 

2 

(ii)  Let  e = e e 21  and  x e e2le . Now  1 „_(x)  = 

0 5i6 

2 

e2le  fi  1 (x)  and  ly(x)  ~ Wf  for  some  f = f c 81.  Since  e is 

an  identity  for  eaie , (1-e)  c l^((x).  Hence  (l-e)f  = (1-e) 

2 

and  (l-e)fe  = 0.  Let  g = efe . Then  g = g,  since  fe  = efe 

2 

implies  fe  = fefe  which  in  turn  implies  efe  = efe  fe . 

Clearly,  e2le(efe)  c lQlle(x)-  Lat  y e LeWe(x)>  then 
y e l^(x)  and  f°r  Y = eae>  y - yf  = eoef  and  ye  = y . Hence, 
y = yf  = yfe  = eoefe  = eoe  fe  = yg . Therefore,  l0^e(x)  = 2lg . 

4.4  Lemma . Let  21  = aKV^J^n)  be  a d-ring  and  let 

G = G(J^,n)  be  triangular.  If  G surrounds  a zero,  then 
there  is  an  idempotent  e in  91  such  that  e9je  is  isomorphic 
to  a d-ring  81'  = 81 ' (V , J , 4)  whose  graph  is  of  the  form 
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Proof.  Since  G surrounds  a zero,  G has  a subgraph 

G’  = { (h,h) , (i,i) , (j,j) , (k,k) , (i,h) , (j,h) , (k,h) , (k,i) , (k,j) } 

on  {h,i,j,k}  c 1^.  Let  e^  denote  the  projection  of  V = 

V = V.  © ...  © V onto  V and  let  e = e,  + e.  + e . +e,  . 

1 n q h 1 j k 

Since  e is  a projection  from  V onto  V”  = V,  ©V.  ©V.  ©V, 

n i j ic 

we  may  think  of  each  element  of  eye  as  being  a linear 
transformation  on  V1.  One  may  verify  that  modulo  this 
identification  eye  is  a d-ring  of  linear  transformations 
on  V'  which,  with  respect  to  the  decomposition 
V'  = Vh  © Vi  © V^.  © Vk,  has  graph  G'. 

4.4'  Lemma . If  21  = y(V^,J\,4)  is  a d-ring  whose  graph 
G has  the  form 


then  y is  not  Rickart. 


Proof..  Suppose  y were  Rickart.  Let  y,  be  a basis 


4 

for  V.  and  y = u y . . Let  v.  be  a fixed  element  of 

i=l  1 1 

(i  = 1,2, 3, 4).  Denote  by  the  projection  of 
V = £®  {Dv|  veX]  onto  Dv.^  c VA  (i  = 1,2, 3,4) . Let 
V'  = V[  © where  = Dvi  = Ve^^  and  let 

G*  = G(J^,4).  By  Lemma  2.2,  this  decomposition  ov  V' 
together  with  G'  determines  the  d-ring  y'(V^,Jj,4)  which 
is  easily  seen  to  be  isomorphic  to  the  ring  of  all  4x4 
matrices  of  the  form 
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X11 

0 

0 

0 

X21 

X22 

0 

0 

X31 

0 

X33 

0 

X41 

X42 

X43 

X44 

Let  e 

= S1 

+ e2 

+ 6 3 + 

Richart  eye  is  Rickart,  by  Lemma  4.3. 
for,  clearly,  eae  e l(V')  for  each  a e 


e4.  Since  y is 
Now  eye  = y ' (v^ 
y,  and  since  G* 


,4), 
= G, 


Vi  eae  c ^ e Vj . But  y'  is  not  Rickart,  since  the  left 
jeJ! 

annihilator  of 


0 

0 

0 

0 

1 

0 

0 

0 

1 

0 

0 

0 

0 

0 

0 

0 

is  not  generated  by  an  idempotent,  which  contradicts  the 
fact  that  eye  is  Rickart.  Therefore,  y is  not  Rickart. 

4.5  Lgmma . Let  y = y(V^,J\,ri)  be  a d-ring  whose  graph 
G is  triangular.  Suppose  each  element  of  y is  partitioned 
in  the  form 


B11 

0 

B2 1 

B22 

Let  ®n  be  Rickart  and  let  «22  be  the  full  ring  of  row  fi- 
nite matrices  over  D.  Assume  that  y has  the  following  pro- 
perty: 
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If  A e 23-^  and  1^  (A)  - 33-^E  for  some 

2 

E - E c »1;L,  then  Y21A  = 0 implies  > (8) 

Y21E  = Y2 1 for  each  Y21  « ®21* 

Then  JJ  is  Rickart. 

Proof . Let 


x 


A 


0 


c ti 


B C 

th6n  1®11(A)  = ®UE  f°r  SOme  82  = E * ®21*  Let  V*  be  the 

ring  of  aJU  row  finite  matrices  over  D of  the  form 


X11 

0 

X21 

X22 

where  X±.  is  any  row  finite  matrix  of  the  same  dimension 

as  B. . . 

13 

By  Wolfson's  result  [5],  ji*  is  Baer. 

Let 


A = 


A 


11 


In 


n-1  1 


n-1  n-1 


where  the  A^  come  from  the  partition  induced  by  the 
(Actually  a is  in  block  triangular  form.)  The  elements 
of  i82  ^ have  the  form 

Xnl  X„0  • • • X , I , 

ni  n2  n n-1  [ ’ 

where  again  the  are  blocks  which  arise  from  the  parti- 

tion induced  by  the  V\  . 
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Define  A*  = (A*.  .)  where 


Ah  " 


0 if  (n,i)  t G 
A^ j if  (n,i)  e G 


( i i j 1 , 2 , . . . , n -1)  . 

Note  that  Xni  = 0 if  (n,i)  ^ G(sj). 
Since  A*  is  Baer  and 

" A*  0 
B C 

there  exists  an  idempotent 


e U* 


E ' = 


Eil 

0 

E21 

E22 

in  jj*  such  that 


( 

A* 

0 

I = a* 

Eii 

0 

\ 

B 

C 

1 

E21 

E22 

Let  E^  = 


E i j E « j a • • « £ i 
nl’  n2’  ’ n n-1 


and  set 


E21  = 


E*  . = 
no. 


Enl ’ En2 ’ *•*»  En  n-1 


Eni  if  (n,i)  e G 
0 if  (n,i)  t G. 


whe  re 


(It  may  happen  that  = E^.)  Clearly,  e ®2l*  We 

assert  that  E^  A*  = E^  A.  Since 


E ' A*  . = 
nk  kj 


0 if  (n,k)  ^ G 
Enk  Akj  lf  (n-k)  E G 


Enk 


E21  A*  - 


n-1 

X 

k=l 


n-1 


Y Enk  ^1*  Y Enk  K n-1 


k=l 


we  have 
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n-1 

L Enk  \l' 

k=l 


n-1 

' X EnkAkn-l 
k=l 


E*  A 
£.2i  a. 


Hence 


0 0 

A*  0 

= 0 implies 

0 0 

A 0 

p 1 p 1 

E21  E22 

B C 

E21  E22 

B C 

= 0, 


Define  p - { Y22  e ®22|  there  exists  a Y21  e ®21  such  that 

= 0}. 


0 

0 

A 

0 

Y2 1 

Y 

22 

B 

C 

Clearly,  p is  a left  ideal  of  »22  containing  E22,  hence 

®22  E22  c To  °ktain  the  opposite  inclusion,  let  Y22  c p, 
then  there  exists  a Y2^  e ®2^  such  that 


0 

0 

A 

0 

Y21 

Y22 

B 

C 

Let  Y 


21 


» Z 


0. 


Since  Y21  e »21,  Z ± = 0 


nl»  "n  n-1 

for  each  i such  that  (n,i)  ^ G.  Now 

n-1  n-1 

I Znk  ^1*  I Znk  Akn-1 

k=l 


Y2 1 A*  = 


since  Z_,_  A*  ^ = 


k=l 

0 if  (n  k)  j;  G 


Y21  A» 


nk 


Jnk 


if  (n,k)  e G. 


0 

0 

Hence , 

Y2 1 

Y22 

C 

and  since 

Eil 

0 

E21 

E22 

81* 


A*  0 
B Cj 


= 8J* 


Eii  0 

E21  E22 


is  a right  identity  for  1 


2J* 


A*  0 
B C 


Y22  E22  ~ Y22 * Therefore,  p = 


*22  E22  * 
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Let  Y = E*lt  then 


0 

0 

A 

0 

Y 

E22 

B 

C 

= 0,  i .e . 


(*)  YA  + E22  B = 0 and  E22  C = 0. 


E 

0 

E 

0 

Let  e = 

E22Y-YE 

E22 

. Now, 

e22y-ye 

E22 

E2 

0 

E 

0 

=c 

E22YE-Ye2+E22Y-E22YE 

e2 

E22 

e22y-ye 

E22 

, since 


^22  ~ ^22  an<^  ® - E , i.e.,  e = e.  Also,  ex  =»  0;from  (*) 

and  the  definition  of  E 


E 0 

A 

0 

EA  0 

E 2 2 Y -YE  E22 

B 

C 

e22ya-yea+e22b  e22c 

0 0 

A 0 

= 

= 0.  Hence,  Sle  c 1„ 

E22(YA+E22B)  o 

SI 

B C 

To  show  that  this  inclusion  is  in  fact  an  equality,  let 


Z11 

0 

Z22 

Z22 

Z11 

0 

A 

0 

Z21 

Z22 

B 

C 

such  that 


= 0. 


Then , 


since  1 

SI 


A 

° 1 

B 

c 1 

is  a left  ideal, 


we  have  that 


0 0 

A 0 \ 

b = 

is  in  1 

Z2 1 Z22 

SI 

. 

B C / 
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and  since  Z22  e ^ = 822  E22 , 


0 0 

0 

0 

0 

0 

Z22Y  Z22 

0 

Z22 

Y 

E22 

is  in 


Therefore  b-c  = 


Z21~Z22Y  0 


e 1 


SI 


B 


■Thus  IIZ21  - Z22  Y 


that 


Z2 1 “ Z22  Y 


A - 0.  This  implies  by  our  hypothesis, 


E = 


Z21  " Z22  Y 


Finally,  since 


Z11  E “ Zn  an<^  Z22  E = Z22'  we  hav® 


zn 

0 

E 0 

Z21 

Z22 

E 2 2 Y -YE  E22 

z1le  0 

Z21E+Z22E22Y-Z22YE  Z22E22 


zn  0 

Z11  0 

(z2i-z22y)e+z22y  z22 

Z21~Z22Y+Z22Y  Z22 

Z11 

0 

Z2 1 

Z22 

and  the  lemma  is  proved 


4.6  bgnpa, • Let  Ji  - Sl(V^,J^,n)  be  a d-ring  and  assume 
that  each  element  of  aj  can  be  put  in  the  blocked  form 


Z11 

0 

1 0 
1 

0 

Z22 

1 0 

Z31 

Z32 

lZ33 
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If  the  rings 


2J . = 
1 


1 

t H- 

1 o 

1 

Z3i 

1 Z,, 
1 33 

(i  = 1,2) 


both  satisfy  condition  (8),  then  so  does  21.  (The  re- 

ferred to  in  condition  (8)  are  determined  in  each  case  by 
the  dotted  lines.) 

Proof . 

E ' 0 

0 E" 


Let  A = 


11 
0 A 


0 

22 


and  let  1 (A)  = B. , 

*11 


Then  1^,  (A^)  = ®^E'  where  is  the  ring  of  all  blocks 


zn»  and  -ho 

(A22)  - E", 

where 

»11  is 

the 

ring  of  all 

blocks  Z22 . 

Let  Y2 1 = ||X31» 

X32ll 

e ®21  * 

Now 

Y21  A = 0 im 

plies  X^  A^ 

° X32  A22  * 

hence 

X31  E' 

= X 

31  and 

X32  E'‘  " 


■21 


X32’  t^ie  hypothesis.  Therefore, 


E ' 

0 

X X „ 

E ' 

0 

0 

E" 

31  32 

0 

E " 

X31  E'  X32  E1I1X31  X32 


and  the  lemma  is  proved. 


4.7  Definition . A graph  G on  In  is  said  to  be  connected 

if  and  only  if  for  each  i,  j e 1^  there  is  a sequence  of 
distinct  integers  i = p^,  P2,  • • • » = j such  that  either 

(Pi+1»  Pi)  or  (pi,  p±+1)  e G (i  = 1,  2,  ...,  k-1) . 

4.8  Lemma . A d-ring  21  = 2l(V^,J\,n)  is  indecomposable  if 
and  only  if  the  graph  G of  21  is  connected. 

Proof . Define  the  relation  on  I by  i~j  if  and  only 


if  i and  j are  connected  in  G.  This  relation  is  clearly  an 
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equivalence  relation.  Hence,  In  = CL  U C2  U . . . U Cfc  where 
the  are  mutually  disjoint  sets  called  components . 

Now  suppose  G is  not  connected.  Then  t > 1.  Let 
G1  = ^Ci  x Cl^  n G and  G2  = (c ' x C')  n G,  where  C'  = uj=2  Ci» 

e 

(i, j ) eG1 


and  define  = 


and  p2 


I 


( i » j ) eG, 


e . SJe  . 
i D 


It  can  be  easily  verified,  since  G is  transitive,  that  p1 

and  p2  are  disjoint  subrings  of  51.  Let  (p,q)  e G2  and 

(i,j)  e G^ , then  e^e^e^sie^  = 0»  if  qfi,  and  if  ep5je^e  ^5ie  ^0 , 

then  e^aie^O,  i.e.,  (p,j)  e G.  But  this  implies  that  either 

peC^orjeC'.  In  any  case,  we  have  a contradiction. 

Therefore,  multiplication  of  elements  of  p2  by  elements  of 

P1,  and  conversely,  is  zero.  Therefore  31  = ^ ® p2  * 

To  prove  the  converse,  suppose  SI  is  the  direct  sum 

of  two  non -zero  ideals  and  p2  . Let  Cp  = { i | e in 

(p  = 1,2).  Since  e^sie^  is  isomorphic  to  £(V^),  it  has  a 

unique  minimal  non-zero  ideal  Iq  (see  [7]).  Therefore, 

since  e^je.^  0 Pp  is  an  ideal  of  e^sie.^  and  ^ n ^2  = 0,  we 

have  that  n C2  = {).  This  implies,  since  e^  e 51  = © p2 , 

that  Cp  = {i|e^  c Pp}.  Now,  if  e^  e and  e^  e p2 , then 

a^Sie.  U e.9je.  c 0 p9  . Therefore,  e.9je.  = e.?fe.  = 0, 

i.e.,  (i,j),(j,i)  ^ G.  We  note  that  if  i e C and  (i,j) 

P 

(or(j,i))  is  in  G,  then  j e C . Since  G is  connected, 

JT 

this  implies  that  either  C.  = I or  C,  = I . If  C = I , 

In  2 n p n’ 

then  1 = e.  + e„  + ...  + e e J . Hence  8J  = 5 . We  there- 
12  n p *p 

fore  conclude  that  51  is  irreducible  if  its  graph  is  con- 
nected. This  concludes  the  proof  of  the  lemma. 
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Let  the  graph  G of  a d-ring  21  = aUV^J^n)  be  con- 
nected, let  C,  be  a component  of  I and  let  C = I \c 

A n 2 n N 1 ’ 

Let  the  elements  of  and  C2  be  ordered  according  to  their 
numerical  value,  say 

C1  = {k1,k2, .. .,kt}  and  C2  = Ckt+1,kt+2,...,kn}. 
Define  a permutation  rr  on  In  by  in-1  = k.  . Then  the  ele- 
ments of  2J(  (Vi,rr)  , ,n)  can  be  partitioned  such  that 

they  have  the  form 


X11 

0 

0 

x22 

where  Xn  is  a t x t blocked  matrix  and  X22  is  a n-t  x n-t 
blocked  matrix  (neither  xn  nor  X22  is  necessarily  full). 
More  generally,  we  have: 

Corollary  (of  Proof).  Every  d-ring  81  is  a direct 
sum  of  a finite  number  of  indecomposable  d-rings  21^.  More- 
over, decompositions  for  these  d-rings  may  be  chosen  so 
that  the  graphs  of  81^  are  just  components  of  the  graph  of  21. 
Proof . See  the  proof  of  4.8. 

4.10  Lemma . Let  G be  a reflexive,  transitive,  triangular 
graph  on  I such  that 

(i)  (n,i)  e G for  i = 1,  2,  ...,  n, 

(ii)  G surrounds  no  zero, 
and  (iii)  G'  = {(i,j)  e G|i,j  < n}  is  connected. 

Then  (n-l,i)  c G (i  - 1,  2,  ...,  n-1) . 

Proof . 

If  (j»i)»(k,i)  e G'  for  j > k,  then 
( 3 ,1c)  e G ' ( JL  , n-1 ) . 


(9) 
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Now  (n,k) , (n, j) , (k, i) , ( j , i)  g g,  hence,  by  (ii),  either 
(k,j)  or  (k,j)  is  in  G.  Since  j > k,  (j,k)  e G,  by  the 
assumption  that  G is  triangular.  Since  (j,i)  e G',  j < n. 
Therefore,  ( j,k)  e G’ . 

We  show  now  that  every  "column"  of  G*  has  at  least 

one  non -diagonal  element.  To  accomplish  this,  we  prove: 

1 s ^ n-l,  then  there  exists  a k > i 
such  that  (k,i)  * G'.  (10) 

Since  G1  is  connected  for  each  i < n-1,  there  is  a sequence 
of  distinct  integers  i = P]_,  p2  , . . . , pJc  = n-l  such  that 

(pi'pi+l}  or  (pi+l»Pi)  is  in  G'  U = 1,2, . . .,k-l) . we 
assume  that  the  length  of  the  sequence  is  minimal.  Now, 
(P2»i)  € G'»  then  (10)  is  established,  so  we  assume 
(i,P2)  e G'.  Either  (P2,P3)  °r  (P3,P2)  is  in  G*.  If 
(p2>p3^  € G , then  (i,p^)  e G',  since  G1  is  transitive, 
contradicting  the  minimality  of  the  sequence.  If 

(P3,P2)  € G'  and  i > p3,  then,  by  (9),  (p3,i)  e G'.  This 
proves  ( 10) . 

By  (10),  (n-l,n-2)  e G'.  We  proceed  by  induction 
as  follows:  Assume  (n-l,j)  e G'  for  j = n-l,  n-2,  ..., 

n~k  = i.  By  (10),  (k',i-l)  e g'  for  some  k'  > i-1.  Now 
(n-l,k‘)  e G'  since  k*  > i,  hence  (n-l ,k ' ) , (k ' , i-1)  c G' 
implies  (n-l, i-1)  e G'.  Therefore  (n-l,j)  e G'  for 
j -n-l,  n-2,  ...,  1 and  the  lemma  is  proved. 

4.11  Igjnma . Let  w = ^(V^^^^.m)  be  a d-ring  with  a triangu- 
lar graph  G.  If  denotes  the  ring  of  all  blocks  X in 

^ mm 

(6)  and  8^  and  82^  are  determined  accordingly,  with 
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®n  Richart,  then  2J  satisfies  condition  (8). 

Proof,.  Let  A e and  let  1 (A)  = 8^  E for  some 

idempotent  E in  ®u.  Let  Y21  e »21  such  that  YA  = 0.  We 
must  show  that  YE  = Y.  First,  we  show  that  we  may  assume 
that  none  of  the  blocks  on  the  bottom  row  of  SJ  are  zero, 
i.e.,  (m,i)  c G ( i=l , 2 , . . . ,m) . To  show  this,  let  k be  the 

largest  i such  that  (m,i)  i G , (1  s k < m-1).  Consider  two 
cases:  (i)  k < m-1  and  (ii)  (k  = m-1).  If  k < m-1,  then 

the  elements  of  51  have  the  form 


X11 

• 

• 

• • 
^1  • • 

• Xkk 

Xk+1  1 . . 

. 0 Xk+1  k+1 

• • • 

• 

• 

X . 
ml 

• • • 

• • • 

. 0 X , . . ...  X 

m k+1  mm 

for  if  (p,k)  e G for  p > k,  then  (m,p) , (p,k)  e G would 
imply  (m,k)  e G which  is  a contradiction.  Now  partition 
the  matrices  of  51  as  follows: 


Z11 

1 

Z21 

Z22 

1 

1 

Z31 

0 

Z33 

I 

Z41 

0 

Z43 

T 

1 Z44 

where  Z22  and  Z ^ correspond,  respectively,  to  and 

X in  (11).  . now  consists  of  the  3x3  block  matrices 

mm  11 

in  the  upper  left  hand  corner  of  (12),  and  ®22  and  S02^  are 


determined  accordingly.  Let 


A11 

0 

0 

E 

11 

0 

0 

A = 

A21 

A22 

0 

E = 

E 

21 

E22 

0 

A31 

0 

A33 

I 

E 

31 

0 

E31 

F = 

J11 

0 

0 

0 

0 

0 

and  e = 

F 

0 

0 

0 

I33 

0 

I44 

where  I ^ is  the  i * projection  on  V = V'  © V'  © V'  © V' 

1^34 


«Vi 


k-1 

I 

i=l 


V 


V ' 
2 


V 


k’ 


V3 


m-1 

I « 

i=k+l 


V.  and 


v> 

m 


so  that  F e and  e e 51.  Note  that  e2Je  is  the  set  of 

all  matrices  of  the  form 


Z11 

0 

0 

1 

1 0 

0 

0 

0 

1 0 
1 

Z31 

0 

z33 

1 0 

0 

Z41 

Z43 

1 z44 

which  is  isomorphic  to  the  d-ring  8J ' = 5T(V^,J^,3) 

(V1  = V’,  V2  = V',  V3  = V^,  JL  = {1},  J2  = {1,2)  and  J3  = 
{1,2,3})  of  all  matrices  of  the  form 


For  the  remainder  of  the  proof  we  identify  ejje  and  SJ ' , 
hence,  it  makes  sense  to  speak  of  the  graph  G'  of  e8Je . 
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We  show  now  that  ejje  has  property  (8)  with  = 
eaie  n S3  — taking  the  place  of  8^  in  the  statement  of  (8). 
If  m = 1,  then  clearly,  property  (8)  holds.  Suppose  (8) 
holds  for  all  d-rings  whose  diagonal  blocks  number  t < m. 
If  the  above  case  obtains,  i.e.,  if  k is  the  largest  i 
such  that  (m,i)  £ G,  then  eSUe  has  only  m-1  diagonal  blocks 
and  therefore,  has  property  (8).  Let  B = FAF  e E-, 


kll 


Then  1 (B)  - S^.FEF  and  FEF  is  idempotent,  for 

“’ll  -Li 


(FEF)  = 


E11 

0 

0 

2 

E11 

0 

0 

0 

0 

0 

= 

0 

0 

0 

E31 

0 

E33 

E31 

0 

E33 

since  E = E,  and 


B = 


11 

0 

k31 


0 0 

0 0 

0 A 


33 


e a 


11 


implies  that  if 


[Ail 

0 

0 

0 

0 

0 

A 1 
31 

0 

A33 

then 


A 1 

An 

0 

0 

A " 
A11 

0 

0 

E11 

0 

0 

0 

0 

0 

= 

A “ 
21 

A" 

22 

0 

E2 1 

E22 

0 

A 1 
31 

0 

A 1 
33 

A" 

A31 

0 

A " 

33 

E 31 

0 

E33 
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hence 


Aii 

0 

0 

A" 

Mi 

0 

0 

Ml 

0 

0 

0 

0 

0 

= 

0 

0 

0 

0 

0 

0 

1 

< 

Mi 

0 

A33 

A" 

31 

0 

A" 

33 

E31 

0 

E33 

Now  observe  that  if  (m,i)  e G,  then  (m,i)  e G',  i.e., 
the  bottom  row  of  blocks  of  Si  is  the  same  as  that  of  eSle . 
Thus  Y e ©2j_  implies  Y e &2;l»  an<^  ky  (12), 


hence  YA  = 0 implies  YB  = 0 . Therefore,  YE  = YFEF  = Y. 
If  (m,m-l)  ^ G,  then  31  has  the  form 


Ml 

0 

0 

Z21 

Z22 

0 

z ^ , 

0 

z „ 

31 

33 

where  Z0~  and  Z_._  correspond  to  X , , and  X , respect - 

22  33  m-1  m-1  mm'  ^ 

ively.  If  we  set 


A11 

0 

E = 

E11 

0 

A2 1 

A22 

y 

Mi 

E22 

Mi 

0 

and 

e = 

F 

0 

0 

0 

0 

I44 

then  the  same  argument  above  yields  YE  = Y. 

For  the  remainder  of  the  proof,  assume  (m,i)  s G, 
(i  = 1,  2,  ...,  m).  Now,  by  Lemmas  4.6  and  4.8  we  may 

assume  that  the  d-ring  is  indecomposable. 
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Since  G is  triangular,  the  hypotheses  of  Lemma  4.10  are 
satisfied.  Therefore,  (m-l,i)  e G (i  - 1,  2,  ...,  m-1) . 
Now,  there  are  no  zero  blocks  on  the  last  two  rows  of  21 
and  the  elements  of  21  have  the  form 


Z11 

0 

1 o 

Z21 

Z22 

° 

— . — 

— 

1 

Z31 

Z32 

1 Z33 

where  the  blocks  Z£1  and  are  full  matrix  blocks  over  D. 

®11  is  the  set  of  all  2 x 2 matrix  blocks  in  the  upper 
left  hand  corner.  Now  let  YA  = 0 for  some  Y = ||z31  z32|| 
and  let  y be,  literally,  a row  of  Y.  Since  82L,  the  set  of 
all  blocked  matrices  ||z31  Z32||  over  D,  is  full,  let 


Yo  " 


X11 

0 

X21 

X22 

’ll 


be  such  that  Xn  = 0,  one  row  of  ||x21  X22||  is  the  same 

as  y and  every  other  row  is  zero.  Clearly,  Y A = 0. 

Hence  YqE  = Yq . Since  this  holds  for  any  row  of  Y,  YE  = Y 
and  the  proof  is  complete. 

We  are  now  armed  with  enough  lemmas  to  prove  our 
main  result. 

4.12  Theorem.  Let  21  * 2J(Vi,Ji,m)  be  a d-ring  with  graph  G. 
Then  21  is  Rickart  if  and  only  if  G surrounds  no  zero. 

Proofs  We  assume  by  our  previous  comments  that  G is 
triangular.  To  prove  the  necessity,  let  21  be  Rickart  and 
suppose  G surrounds  a zero.  Then,  by  Lemmas  4.4  and  4.4' 
there  is  an  idempotent  e in  21  such  that  e2je  is  not  Rickart. 
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But,  by  Lemma  4.3,  e8Ie  is  Rickart  which  is  a contradiction. 
Therefore,  G surrounds  no  zero. 

For  the  converse  we  proceed  by  induction  on  the  num- 
ber m of  diagonal  blocks,  i.e,  the  number  of  elements  in 

the  vertex  set  I of  G. 

m 

If  m = 1,  then  SI  = £(V)  which  is  Baer  (see  [ 13  ] ) , 
hence  Rickart.  Suppose  that  the  theorem  is  true  for  all 
k < m and  let  81  be  as  in  the  hypothesis.  Since  G is  tri- 
angular, ill ' = si ' (V^ , ,m-l ) is  a d-ring  (see  Chapter  III, 
p.28)  with  graph  G'  = G'(J^,m-l)  which  is  also  triangular. 
Since  G surrounds  no  zero,  G'  surrounds  no  zero,  and  by 
the  inductive  hypothesis  50^  is  Rickart.  Let  S822  be  the 

full  ring  of  all  blocks  X and  let  S8~.  be  determined  ac- 

mm  2.  l 

cordingly.  By  Lemma  4.11,  81  has  property  (8).  Finally, 
by  Lemma  4.5,  81  is  Rickart  and  the  theorem  is  established. 
4.13  Corollary  (Clark).  Let  81  = aHV^.J^n)  be  a d-ring 
with  graph  G.  If  V is  finite  dimensional,  then  81  is  Baer 
if  and  only  if  G surrounds  no  zero. 

Proof . The  necessity  follows  directly  from  Theorem 

4.12. 

For  the  converse,  we  need  to  prove  that  the  left 

annihilator  of  any  subset  S of  A has  the  form  8le , for  some 
2 

e = e e 81 . By  the  results  of  Maeda  [6],  it  suffices  to 
assume,  since  V is  finite  dimensional,  that  S = [c] ■ The 
corollary  now  follows  from  Theorem  4.12. 

Recall  from  Chapter  II  that  a d ' -ring  81  = 81  (J)  is  a 
d-ring  ai  = 8l(V^,J^,n)  if  J is  finite  and  distributive. 
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Under  the  assumption  that  J is  finite  and  distributive, 
Johnson  [2]  proves  that  81  is  non -Baer  if  J satisfies  the 
following  additional  conditions 


J has  three  irreducible  elements  P^,  P2  ancl 
P3  such  that  P^  U ?2  c P3  and  fl  P2  is  ( 
different  from  0,  P^  and  P2  . -* 


13) 


Evidently  condition  (13)  is  satisfied  if  and  only 
if  the  lattice  L(V^)  of  invariant  subspaces  of  V has  a 
sublattice  isomorphic  to  the  following  lattice: 


where  P^,  P2>  P^  are  irreducible  elements. 

We  now  show  that  (13)  is  equivalent  to: 

The  graph  G of  81  surrounds  a zero.  (14) 

We  have  shown  that  the  lattice  L(aj)  of  subsets  of  In  asso- 
ciated with  a d-ring  si  is  isomorphic  to  J (see  p.  18).  Let 
[i],  [j],  [k]  and  [h]  be  the  irreducible  elements  of  L(si) 
corresponding  to  P^,  P2,  P^  and  P^  0 P2  of  condition  (13) 
under  the  isomorphism  L(si)=J.  Now,  0 ^ [h]  c [i]  0 [ j ] , 

[ i ] U [j]  <=  [k]  and,  since  [k]  is  irreducible,  [i]  U [j] 

=f=  [k ] . Hence 

{ (h,h) , (i,i) , ( j, j) , (k,k) , (i,h) , ( j,h) , (k,h) , (k,i) , (k, j) ) c G. 
However,  (i,j)  ( G,  otherwise  [j]  c [i],  by  Lemma  2.5,  i.e. 

G surrounds  a zero.  The  argument  is  reversible,  hence, 
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(13)  is  equivalent  to  (14).  Johnson's  theorem  can  now  be 
stated: 

4.14  Theorem.  If  the  graph  G of  a d-ring  31  = aHv^J^n) 
surrounds  a zero,  then  31  is  non-Baer. 

Theorem  4.12  can  be  restated  as  follows: 

4.12'  Theorem . A d-ring  31  of  linear  transformations  on 
a vector  space  V is  Rickart  if  and  only  if  its  lattice  J 
of  invariant  subspaces  does  not  satisfy  (13). 

We  conclude  this  manuscript  by  noting  three  open 
questions : 

(1)  If  31  is  a d-ring,  then  perhaps  the  most 

obvious  question  to  ask  is:  In  order  for  31  to  be  a Baer 

ring,  is  it  necessary,  and  sufficient . that  the  graph  G of 
31  surround  no  zero? 

(2)  Let  {^(si)  (jtjfW))  be  the  set  of  all  prin- 

cipal right  (left)  ideals  generated  by  idempotents , partial 
ly  ordered  by  set  inclusion.  In  [6],  Maeda  shows  that  if  31 
is  Rickart,  then  ft^Sl)  (lI(3l))  is  a relatively  semi-ortho- 
complemented  lattice.  Furthermore,  if  the  lattice  ftjtsi)  is 
complete,  then  Jl  is  a Baer  ring.  Now  the  question  is:  Can 

one  give  necessary  and  sufficient  conditions  on  a lattice  L 
in  order  that  L be  isomorphic  to  RI(si)  for  some  d-ring  31  of 
linear  transformations. 

(3)  Is  it  possible  to  give  a constructive  de- 
scription of  those  finite,  transitive,  reflexive,  directed 
graphs  which  surround  no  zeros? 
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